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(E. Sarvaramini).This paper investigates equilibrium of a pressurized plastic ﬂuid invading a tensile wellbore crack in a
linear elastic, permeable rock. The crack is initially ﬁlled by pore ﬂuid at ambient pressure, that is immis-
cibly displaced by the plastic ﬂuid invading from the wellbore. The plastic ﬂuid comes to rest to form a
‘‘plug’’ within the elastically deformed crack when the limit equilibrium between the shear stresses gen-
erated at the fracture walls and the pressure drop between the wellbore wall and the crack tip is reached.
The model assumes that the leak-off of the plastic ﬂuid into the rock is negligible, while the displaced
pore ﬂuid in the crack tip region is freely exchanged with the surrounding permeable rock to maintain
the ambient pressure level. When the crack length ‘ is small or large compared to the wellbore radius
R, the problem reduces to that of a pressurized edge or Grifﬁth’s crack, respectively, subjected to a uni-
form far-ﬁeld conﬁning stress. In these two end-member cases, the normalized solution for the net pres-
sure distribution, the plug length, and the stress intensity factor at the crack tip is obtained as a function
of two numbers – the normalized net ﬂuid pressure at the crack inlet and at the crack tip (partial plugs
only) – that embody the solution’s dependence on the wellbore and the far ﬁeld loading, the ﬂuid yield
strength, and the rock modulus. In the general case of an intermediate crack length (‘  R), the
normalized solution is a function of two additional parameters, the length-to-radius ratio and a normal-
ized measure of the far ﬁeld stress anisotropy, respectively, which accurate approximation is devised
from an end-member solution using a rescaling argument. The equilibrium plug solutions are used to
evaluate the breakdown pressure, the critical wellbore pressure at which the crack propagation condition
is ﬁrst met, and to analyze the stability of the ensuing crack propagation.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Problem of a wellbore ﬂuid ﬂow into a fracture is ubiquitous in
petroleum engineering applications. Injection of pressurized ﬂuid
into an isolated section of a well is used in hydraulic fracturing at
a near wellbore scale to measure the in situ stress ﬁeld (Haimson,
1978), and, at a larger scale, to stimulate hydraulic conductivity
of hydrocarbon reservoirs (Economides and Boney, 2000). On the
other hand, unintentional loss of wellbore ﬂuid to pre-existing or
drilling-induced cracks is a serious impediment to wellbore drilling
and completion (Bourgoyne et al., 1986; Messenger, 1981).
The critical stage of these processes is the ‘‘breakdown’’, when
the propagation of a pre-existing fracture or ﬂaw at a wellbore wall
is initiated. Classical breakdown criteria advanced by Hubbert and
Willis (1957) (HW) and Haimson and Fairhurst (1967) (HF), respec-
tively, relate the breakdown value of the wellbore ﬂuid pressure to
the far ﬁeld stresses and rock properties. These criteria can be
linked to the assumption of a uniform ﬂuid pressure distribution
along a short initial crack, which value is set by the ambientll rights reserved.
: +1 902 494 3108.
h), erfan.sarvaramini@dal.careservoir pressure for the HW or by the wellbore pressure for the
HF criteria, respectively. The HW (HF) criterion can be further inter-
preted as the end-member case of fast (slow) pressurization rate of
a wellbore ﬂuid with Newtonian rheology (Garagash and Detour-
nay, 1997; Detournay and Cheng, 1992), characterized by un-
drained (drained) ﬂuid response within the crack. (Although, in
the fast pressurization case, Garagash and Detournay (1997) show
that due to the fast crack width expansion, the undrained value of
the ﬂuid pressure in the crack is likely to fall below the initial
(ambient) value onwhich the HW criterion is predicated.) These re-
sults provided theoretical basis for the dependence of the break-
down pressure on the wellbore ﬂuid viscosity within a range of
the wellbore pressurization rate.
This paper attempts to investigate the impact of a different as-
pect of wellbore ﬂuid rheology – ﬂuid yield stress – onto the well-
bore breakdown. In drilling engineering context, wellbore ﬂuid
(mud) is a mixture of a base liquid (e.g. water) and various addi-
tives that contribute to a ﬁnite yield stress of the mixture that
can vary in the range from 0.005 kPa (hydrated mud) up to
10 kPa (dehydrated mud, or ‘‘mud cake’’ that forms on wellbore
walls and within wellbore cracks due to loss of the base liquid to
permeable rock formation) (Cerasi et al., 2001). This upper bound
Fig. 1. Two symmetric cracks at the wall of a pressurized wellbore.
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drilling muds used in an attempt to ‘‘plug’’ wellbore fractures,
avoid breakdown and the associated loss of drilling ﬂuid (Ivan
et al., 2002; Aston et al., 2004). Surface analysis of fractures that
were initiated and propagated through sandstone samples by dril-
ling ﬂuids with appreciable solid content showed the presence of
dehydrated mud ‘‘plug’’ within the fracture, that effectively sealed
the tip region of propagating fracture from the hydrated wellbore
mud (Morita et al., 1996).
Although of apparent practical importance, the mechanics of
fracture plugging with a plastic ﬂuid has not yet received a due
attention. In this paper,we formulate amathematicalmodel of a pla-
nar crack invaded by plastic ﬂuid from a wellbore. The crack is ini-
tially ﬁlled by pore ﬂuid at ambient pressure, that is immiscibly
displaced by the plastic ﬂuid invading from thewellbore. The plastic
ﬂuid comes to rest to form a ‘‘plug’’ within the elastically deformed
crack when the limit equilibrium between the shear stresses gener-
ated at the fracture walls and the pressure drop between the well-
bore wall and the crack tip is reached. The model further assumes
that the leak-off of the plastic ﬂuid into the rock is negligible, while
the displaced pore ﬂuid in the crack tip region is freely exchanged
with the surrounding permeable rock tomaintain the ambient pres-
sure level. We use this model to investigate in detail the asymptotic
cases when the pre-exiting crack length ‘ is either small or large
compared to the wellbore radius R, and the problem reduces to that
of a pressurized edge or Grifﬁth’s crack, respectively, subjected to a
uniform far-ﬁeld conﬁning stress. In particular, we develop the nor-
malized solution for the net pressure distribution, the plug length,
and the stress intensity factor at the crack tip as a function of two
non-dimensional numbers that embody the solution’s dependence
on the wellbore and the far ﬁeld loading, the ﬂuid yield strength,
and the rock modulus. These solutions, as well their generalization
for an intermediate crack length (‘  R), are used to evaluate the
breakdown pressure at the initiation of crack propagation, modeled
under the premises of the Linear Elastic FractureMechanics (LEFM).
Finally, the developed limit equilibrium solutions are applicable
to propagating cracks, as long as the rate of propagation is slow en-
ough to allow for mobile equilibrium of the plastic ﬂuid within the
expanding crack. (Particular solutions of this kind, corresponding
to a plane-strain crack driven by a constant rate of injection of a
perfectly plastic ﬂuid, which is assumed not to lag behind the crack
tip, have been considered by Adachi and Detournay (2002) and
Garagash (2006c).) This allows us to formulate sufﬁcient condi-
tions for stable propagation or arrest of a plastic-ﬂuid-driven crack
depending on time-history of the wellbore pressure past the initial
breakdown value.2. Mathematical formulation
We consider two symmetric, plane-strain cracks of length ‘
emanating from the opposite sides of a pressurized wellbore of ra-
dius R in a permeable, elastic rock (Fig. 1). The cracks are aligned
perpendicular to the direction of the minimum in situ stress rmin.
The wellbore ﬂuid under pressure p0 invades a priori unknown part
of the crack, x 6 ‘f. Corresponding distribution of pressure in the in-
vaded region of the fracture, p(x), is constrained by the wellbore
value at the crack inlet, p(0) = p0, and the value in the crack tip re-
gion ahead of the wellbore ﬂuid front, p(‘f) = ptip. When ‘f < ‘, the
tip region is occupied by a different ﬂuid (e.g. pore ﬂuid from the
surrounding permeable rock) at ambient pressure, ptip = pamb. We
assume a sharp ﬂuid boundary at x = ‘f with negligible capillary
pressure there. When ‘f = ‘, the wellbore ﬂuid fully invades the
crack and ptip becomes an unknown of the problem.
An elastic response of a crack can be fully characterized in terms
of the net loading, deﬁned as the difference p(x)  r0(x) betweenthe ﬂuid pressure in the crack, p(x), and the ‘‘conﬁning stress’’ nor-
mal to the crack plane, r0(x), in the solution without the crack
(stress is considered positive in compression) (e.g. Jaeger et al.,
2007)
r0ðxÞ ¼ p0  p0 
1
2
rmax þ rminð Þ
 
1þ R
Rþ x
 2" #
 1
2
rmax  rminð Þ 1þ 3 RRþ x
 4" #
: ð1Þ
The two limit cases when crack length is either much smaller or
much larger than the wellbore radius, respectively, are to be con-
sidered in detail. For a short crack (‘ R), the wellbore wall, as
seen on the scale of the crack, is ﬂat, and the problem reduces to
that of a crack at the edge of a half-plane (Fig. 2a) loaded by the
asymptotic value of the conﬁning stress (1),
r0 ¼ r0ð0Þ ¼ 3rmin  rmax  p0 ðedge crackÞ: ð2Þ
For a long crack (‘ R), the wellbore is irrelevant on the scale of the
crack, and the problem reduces to that of a Grifﬁth’s crack in an un-
bounded plane (Fig. 2b) loaded by the asymptotic conﬁning stress
r0 ¼ r0ð1Þ ¼ rmin ðGriffith’s crackÞ: ð3Þ2.1. Fluid equilibrium considerations
We assume that the ﬂuid that enters the crack from the well-
bore behaves as a viscoplastic ﬂuid with the ﬂow threshold stress
s0. If y is the coordinate axis perpendicular to the crack plane, the
maximum and minimum (zero) values of the ﬂuid shear stress are
achieved at the fracture walls, y = ±w/2, and at the center plane,
y = 0, respectively. Consequently, the ﬂow (if any) takes place along
the part of the crack, w0/2 6 jyj 6w/2, where the shear stress ex-
ceeds the threshold s(y)P s0, while the inner core, jyj 6 w0/2,
where s(y) 6 s0, undergoes rigid-body translation by the outside
ﬂow. Integration of the ﬂuid equilibrium equations across the inner
core yields the following expression for the core thickness
(Economides and Boney, 2000)
w0ðxÞ ¼ 2s0dp=dx : ð4Þ
For a given pressure gradient, the ﬂow of ﬂuid takes place when the
local crack width w exceeds the local width of the rigid core w0.
Consequently, limit equilibrium states, corresponding to the initia-
tion or cessation of the ﬂow (or, more generally, to the slow, ‘plug’
ﬂow of the plastic ﬂuid in a crack in response to slowly changing
wellbore loading), are characterized by the condition when the
non-yielding core width just (or nearly) coincides with the fracture
width,
Fig. 2. (a) Short crack approximation (‘ R) – a crack at the edge of a pressurized half-plane loaded by conﬁning stress r0 ¼ 3rmin  rmax  p0, (b) long crack approximation
(‘ R) – a Grifﬁth’s crack in unbounded domain loaded by conﬁning stress r0 ¼ rmin with a ﬂuid inlet at the crack center.
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Crack opening is related to the net normal loading p(x)  r0(x)
on the crack walls by an integral equation of the linear elasticity
theory (Paris et al., 1976)
wðxÞ ¼ 2
Z ‘
x
mðx; kÞdk
Z k
0
pðsÞ  r0ðsÞ
E0
mðs; kÞds; ð6Þ
where E0 is the plane strain elastic modulus and m is the Bueckner–
Rice weight function (Bueckner, 1970; Rice, 1972). The latter
depends only on the problem geometry and can be written in the
following form:
mðx; ‘Þ ¼ 2
ﬃﬃ
‘
pﬃﬃﬃ
p
p f ðx=‘Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘2  x2
p : ð7Þ
Approximate expression for ‘conﬁgurational’ function f is taken in
the form modiﬁed from Nilson and Proffer (1984)
f ðnÞ ’ v ðv 1Þna; v ¼ 1þ 0:297
ð1þ ‘=RÞ2
; a ¼ 5=4; ð8Þ
which reduces to f(n) = 1.297  0.297 n5/4 for an edge crack (‘/R
 1) (Tada et al., 2000) and to f(n) = 1 for a Grifﬁth’s crack (‘/R
1). Factor (1 + ‘/R)2 in the expression for v in (8) allows to model
an intermediate crack length (‘  R), similarly to the treatment of
Nilson and Proffer (1984). The error introduced by the weight func-
tion approximation (8) can be estimated in the case when p(x) = 0
and r0(x) = const, for which an accurate tabulated solution is avail-
able in the entire range of ‘/R (Section 19.1 of Tada et al. (2000)),
and found to be 0.5% for an edge crack, 1–10% for an intermedi-
ate crack, and 0% (exact) for a Grifﬁth’s crack.
Substitution of (7) into (6) and changing the order of integration
in (6) allows one to specify the relation between the crack width
and the net-loading in terms of a single integral
wðxÞ ¼
Z ‘
0
G
x
‘
;
s
‘
  pðsÞ  r0ðsÞ
E0
ds ð9Þ
with the kernel G given by (e.g. Wang and Dempsey, 2011)
Gðn;gÞ ¼ 8
p
Z 1
maxðn;gÞ
f ðn=fÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f2  n2
p f ðg=fÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f2  g2
q fdf: ð10Þ
Particular expression for G(n,g) when the conﬁgurational function f
is given by (8) is provided in Appendix A.1. Integrating elasticity
equation (9) by parts and using dp/dx = 0 in the tip region ‘f 6 x 6 ‘,
we obtain an expression for the opening in terms of the pressure
gradient:wðxÞ
‘
¼
Z ‘f
0
J
x
‘
;
s
‘
  1
E0
dp
ds
dsþ
Z ‘
0
G
x
‘
;
s
‘
  p0  r0ðsÞ
E0
ds
‘
;
Jðn;gÞ ¼
Z 1
g
Gðn;gÞdg
 
: ð11Þ
Eq. (11) can be further simpliﬁed for an edge and a Grifﬁth’s crack
limits as following:
wðxÞ
‘
¼
Z ‘f
0
J
x
‘
;
s
‘
  1
E0
dp
ds
dsþ p0  r

0
E0
J
x
‘
;0
 
; ð12Þ
where r0 is given by (2) and (3), respectively.
2.3. Crack tip considerations
We adopt the Linear Elastic Fracture Mechanics (LEFM) theory
to analyze the near crack tip behavior, which holds the key to
the crack propagation conditions. The LEFM relies on the ‘‘small
scale yielding’’ assumption (Rice, 1968), which states that the re-
gion of inelastic deformation at the crack tip has to be small com-
pared to the crack dimensions. This assumption may not be
necessarily valid in the short crack limit, when the crack length
is small compared to the wellbore radius. More complete treat-
ment of this case, that, for example, may include a ﬁnite cohesive
zone at the crack tip (e.g. Wang and Dempsey, 2011), is outside
of the scope of this paper.
Within the framework of the LEFM, the near crack tip behavior
can be analyzed with the help of the stress intensity factor (SIF)
which can be expressed in terms of the Bueckner–Rice weight
function (Rice, 1968)
KI ¼
Z ‘
0
ðpðxÞ  r0ðxÞÞmðx; ‘Þdx: ð13Þ
Crack propagation takes place when the SIF reaches the critical va-
lue, rock fracture toughness KIc,
KI ¼ KIc: ð14Þ
Integrating the SIF expression (13) by parts and using (7), we
can get, after some simpliﬁcations,
KIﬃﬃﬃﬃﬃ
p‘
p ¼
Z ‘f
0
F
x
‘
 dp
dx
dxþ 2
p
Z ‘
0
ðp0  r0ðxÞÞ
f x=‘ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘2  x2
p dx;
FðnÞ ¼ 2
p
Z 1
n
f ðnÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
p dn !: ð15Þ
(Closed-form expression for F(n) is provided in Appendix A.2.)
Expression (15) can be further simpliﬁed for an edge and a Grifﬁth’s
cracks,
KIﬃﬃﬃﬃﬃ
p‘
p ¼
Z ‘f
0
F
x
‘
 dp
dx
dxþ F0ðp0  r0Þ; ð16Þ
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The asymptotic expression for the crack opening near the tip is
given by (Irvin, 1957)
w ¼ 4
ﬃﬃﬃ
2
p
r
KI
E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘ x
p
ðx! ‘; KI > 0Þ: ð17Þ
Since the crack opening vanishes at the tip, we observe that the net
ﬂuid pressure gradient dp/dx = 2s0/w(x), (4) and (5), ﬁnite every-
where along a partial plug (x 6 ‘f < ‘), becomes singular if the plug
front reaches the fracture tip (‘f? ‘).
In the case when KI = 0, the classical LEFM asymptotics suggests
that the crack walls are closing smoothly at the tip,w / (‘  x)3/2 as
x? ‘, as long as the net loading is non-singular at the crack tip,
such as in the case of a partial plug. For a full plug under the zero
SIF condition, the crack tip asymptotics is the result of coupling be-
tween the crack tip elasticity and the equilibrium of the plastic
ﬂuid in a converging crack channel (Adachi and Detournay, 2002)
w ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8ps0
E0
r
ð‘ xÞ ðx! ‘; ‘f ¼ ‘; KI ¼ 0Þ: ð18Þ
This corresponds to a wedge-like shape of the crack in the tip region
and, consequently, to a logarithmically singular net ﬂuid pressure at
the tip, p r0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s0E0=2p
p
lnð‘ xÞ as x? ‘.
3. Scaling, normalized governing equations, and method of
their solution
To facilitate solution of the set of Eqs. (4), (5) and (11), we intro-
duce the normalized plug length nf, net pressure P and crack open-
ing X as follows:
nf ¼
‘f
‘
; P ¼ p r

0
p
; X ¼ w
w
; ð19Þ
where p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2s0E0
p
and w ¼ ‘
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2s0=E0
p
are characteristic values of
the net pressure and crack opening and r0 is a reference value of
the conﬁning stress. The normalized form of the limit equilibrium
equations (4) and (5) and elasticity equation (11) in scaling (19) is
given by
XðnÞ ¼  1
dP=dn
; ð20Þ
XðnÞ ¼
Z nf
0
Jðn;gÞdP
dg
dgþP0Jðn; 0Þ
þ DXðnÞ DXðnÞ ¼ 
Z 1
0
Gðn;gÞDRðgÞdg
 
; ð21Þ
respectively. Here P0 ¼ Pð0Þ ¼ p0  r0
 
=p is the normalized inlet
net pressure, and DRðnÞ ¼ r0ð‘nÞ  r0
 
=p is the normalized differ-
ence between the conﬁning stress (1) and its reference value. In the
limit of an edge or Grifﬁth’s crack, setting r0 to the corresponding
expression, (2) or (3), respectively, results in DR(n) = 0 and
DX(n) = 0, while the expression for P0 is given by 2(p0  0.5
(3rmin  rmax))/p⁄ or (p0  rmin)/p⁄, respectively. For an intermedi-
ate crack length (‘  R), non-zero DR(n) in either the edge or Grif-
ﬁth’s scaling can be expressed in terms of P0 and two additional
parameters: crack-to-radius ratio ‘/R, and normalized measure of
the far-ﬁeld stress anisotropy (rmax  rmin)/p⁄. For example, in the
Grifﬁth’s scaling, as deﬁned by (3), we have
DRðnÞ¼ 1ð1þ‘n=RÞ2 P0þ
rmaxrmin
2p
1 3ð1þ‘n=RÞ2
 ! !
: ð22Þ
Normalized equations (20) and (21) can be solved for the net-pres-
sure gradient dP/dn as a function of the net-pressure at the inlet,
P0, and the plug length nf, and, in the case of an intermediate cracklength, two additional normalized parameters entering the expres-
sion for R(n). Adopted numerical procedure relies on a piecewise
constant approximation of dP/dn over a set of equally spaced ele-
ments along the plug, 0 6 n 6 nf. Eq. (21) is used to evaluate the cor-
responding approximation for the normalized crack opening.
Substituting these approximations into (20) and evaluating at the
midpoints of the elements’ set results in a system of algebraic equa-
tions, which is then solved for the unknown values of the pressure
gradient. Further details of the numerical method are given in
Appendix B.
Integrating the solution for dP/dn along the plug allows to ﬁnd
the normalized value of the net-pressure in the tip region ahead of
the plug, Pðnf 6 n 6 1Þ ¼ Ptip ¼ ptip  r0
 
=p, as a function of nf
and P0, and two ‘‘intermediate-crack-length’’ parameters omitted
here for brevity,
Ptip ¼ Ptipðnf ;P0Þ: ð23Þ
For a full plug (nf = 1), (23) provides the solution for the net-pres-
sure at the crack tip. For a partial plug (0 6 nf < 1), (23) allows to in-
vert for the plug length nf(P0,Ptip), where the value of Ptip is set by
the ambient pore pressure in the tip region (ptip = pamb), i.e.
Ptip ¼ pamb  r0
 
=p.
The normalized form of the breakdown condition (14) states
K ¼ Kc; ð24Þ
where Kc and K are the normalized toughness and SIF (15),
Kc ¼ KIc
p
ﬃﬃﬃﬃﬃ
p‘
p ; K ¼ KI
p
ﬃﬃﬃﬃﬃ
p‘
p ¼
Z nf
0
FðnÞdP
dn
dnþ F0P0 þ DK;
DK ¼  2
p
Z 1
0
f ðnÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
p DRðnÞdn !; ð25Þ
respectively. Note that DK ¼ 0 for either an edge or Grifﬁth’s crack
in the corresponding scaling.
Finally, the normalized form of the asymptotic expression for
the crack opening near the tip, (17), reads
XðnÞ ¼ 4
ﬃﬃﬃ
2
p
K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n
p
ðn! 1; K > 0Þ; ð26Þ
and, in the limiting case of the zero SIF and a full plug (18),
XðnÞ ¼ 2 ﬃﬃﬃpp ð1 nÞ ðn! 1; nf ¼ 1; K ¼ 0Þ: ð27Þ
The corresponding singular asymptotics for the net ﬂuid pressure
gradient follows from the above and the ﬂuid equilibrium (20).
4. Numerical solutions for an equilibrium plug for a short and
long crack
Numerical solutions of the normalized equations (20) and (21)
for the edge and Grifﬁth’s crack geometry have been carried for
0.01 6 nf 6 1 and  2 6Ptip 6 2 using n = 25 equally spaced dis-
cretization nodes along the plug (Appendix B). Additionally, the
asymptotic solution for an incipient plug (Section 5.1) has been
used to complement the range of the numerical solution by smaller
values of nf.
Contour plots of the normalized plug length nf and normalized
SIF K, (25), in the parametric space of the normalized inlet and
tip values of the net pressure are shown in Fig. 3 for (a) an edge
and (b) a Grifﬁth’s crack. These contour plots identify the following
parametric regions. The main region of interest, (I) corresponds to
a mechanically open crack that is invaded by the wellbore ﬂuid. In
the case of a positive net pressure at the tip, its value sets the min-
imum value for the net pressure at the inlet (the nf = 0 contour on
Fig. 3) required for the wellbore ﬂuid to enter an open crack. In the
case of a negative net pressure at the tip, the net pressure at the
inlet has to be positive and high enough (see the K ¼ 0 contour
Fig. 3. Map of limit equilibrium solutions in the parametric space of the inlet and tip net pressure for (a) an edge crack, and (b) Grifﬁth’s crack. Dashed lines show normalized
plug length contours nf = {0,0.1,0.3,0.5,0.7,0.9,1}, and solid lines show normalized stress intensity factor contours K ¼ KI=p
ﬃﬃﬃﬃﬃ
p‘
p
increasing from 0 in increments of 0.1.
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otherwise closed crack. Hence, regions (II) and (III) correspond to
an open and closed cracks, respectively, that are not invaded by
the wellbore ﬂuid. Finally, no limit equilibrium plug solutions exist
in the parametric region (IV) bounded from below by the full plug
line (nf = 1), Fig. 3. Indeed, once a point on the nf = 1 line on Fig. 3 is
reached by a loading trajectory from below (i.e. the crack is fully
plugged for the ﬁrst time), Ptip becomes a part of the solution of
an equilibrium plug, and, therefore, a function of P0. A solution
within the region (IV) would, therefore, require a transient, viscous
ﬂow of the ﬂuid in the crack (characterized by the shear stress in
the ﬂuid exceeding the yield threshold), as may occur for a high en-
ough wellbore pressurization rate or for fast enough crack
propagation.
We consider a loading processes in which the inlet (wellbore)
pressure p0 is continuously increased from the initial value set at
the ambient level pamb, such that the ﬂuid progressively invades
the crack while remaining in the state of limiting plastic equilib-
rium at any given time. While the crack is not fully-invaded by
the wellbore ﬂuid (nf < 1), tip pressure is equal to the constant (res-
ervoir) ambient value pamb. Consequently, for an edge crack in the
corresponding scaling, the loading trajectory corresponds to a line
with slope 2 in the space of the tip and inlet net pressure,
nf <1 : Ptip¼
PambþP0
2
Pamb¼2Pambp
;Pambpamb
3rminrmax
2
 
:
ð28Þ
HerePamb corresponds to the intercept of a trajectory withPtip =P0
line, and can be interpreted as the normalized net-loading on the
crack under the condition that the wellbore pressure and the reser-
voir pore pressure are in balance, p0 = pamb. Thus, positive (negative)
Pamb stands for tensile (compressive) effective stress environment
around the well for the in-balance wellbore pressure, and, conse-
quently, initially opened (closed) wellbore crack.
A pair of trajectories (28) with Pamb = 0.5 are illustrated on
Fig. 4a. Positive Pamb corresponds to gradual ﬁlling of the initially
open crack (region I on Fig. 3) from point A when the ﬂuid ﬁrst en-
ters the crack to point B when the ﬂuid just occupies the entire
crack extent. Further crack pressurization takes place along the
full-saturation line (nf = 1). Negative Pamb trajectory corresponds
to the process of ﬁlling of an initially closed crack with the plasticﬂuid, that commences once the inlet net pressure P0 is raised to
the ﬁnite, positive value corresponding to zero SIF ðK ¼ 0Þ, point
A0 on Fig. 4a. Furthermore, point A0 actually describes not a single
conﬁguration of plugged crack, but rather a multitude of states cor-
responding to the continuos expansion of the (open part of the)
crack from zero size (the fully-closed crack) to the size of the
pre-existing ﬂaw ‘ (the fully-open crack), as the ﬂuid gradually en-
ters into the ﬂaw. At any stage of this expansion, the SIF remains
zero and the ﬂuid plug remains a ﬁxed fraction (nf) of the increas-
ing size of the open crack, given by the solution at the point A0. Past
this point, the gradual ﬁlling of the now fully-open crack (Region I
on Fig. 3) continues until the line of full saturation (nf = 1) is
reached at point B on Fig. 4a, and then followed along.
Similar loading process for a Grifﬁth’s crack in the correspond-
ing scaling results in a vertical trajectory
nf < 1 : Ptip ¼ Pamb Pamb ¼
Pamb
p
; Pamb  pamb  rmin
 
; ð29Þ
as illustrated for a pair of trajectories with Pamb = 0.25 on Fig. 4b.
We acknowledge the following relation between the ambient (inlet)
net pressure parameters Pamb (and P0) in the edge, (28), and the
Grifﬁth’s, (29), scaling,
Pedgeamb
2
PGrifamb ¼
Pedge0
2
PGrif0 ¼
rmax  rmax
2p
; ð30Þ
where the scaling-identifying superscripts were added.
Figs. 5 and 6 show the development of the net pressure and the
crack opening proﬁles for an edge and Grifﬁth’s cracks, respec-
tively, along a pair of loading trajectories that are identiﬁed on
Fig. 4a for an edge crack Pedgeamb ¼ 0:5
 
and on Fig. 4b for a Grif-
ﬁth’s crack PGrifamb ¼ 0:25
 
. In view of scaling relation (30), corre-
sponding sets of ambient loading conditions for either initially
closed (negative Pamb) or open (positive Pamb) crack are the same
for the two crack geometries when the far-ﬁeld stress is isotropic
(rmax = rmin), i.e. PGrifamb ¼ Pedgeamb =2.
The proﬁles on Figs. 5 and 6 correspond to successive snapshots
of a quasi-static process of the crack invasion by the ﬂuid due to
gradual increase of the inlet net pressure (which value is given
by the intercept of the corresponding proﬁle with the vertical axis
in (a) and (c)): ﬁrst, by advancing the plug front inside the crack
Fig. 4. Examples of Pamb < 0 and Pamb > 0 loading trajectories in the parametric space of Fig. 3 for (a) an edge crack and (b) a Grifﬁth’s crack. Point A – incipient plug (nf = 0);
point A0 – transition from a fully-closed to the fully-open crack forPamb < 0, characterized by zero SIF ðK ¼ 0Þ and ﬁxed, ﬁnite plug fraction (nf > 0); and point B – the ﬁrst state
of the full plug (nf = 1).
(b)
(a) (c)
(d)
Fig. 5. Development of the normalized net-pressure P and crack opening X proﬁles for an edge crack along (a–b) Pamb = 0.5 and (c–d) Pamb = 0.5 loading trajectories
(Fig. 4a).
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further inﬂating the crack. Since the ﬂuid ahead of the plug is uni-formly pressurized, the front of the partial plug corresponds to
abrupt loss of the pressure gradient (Figs. 5 and 6a and c).
(a)
(b) (d)
(c)
Fig. 6. Development of the normalized net-pressure P and crack opening X proﬁles for a Grifﬁth’s crack along (a and b) Pamb = 0.25 and (c and d) Pamb = 0.25 loading
trajectories (Fig. 4b).
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shows, as expected, that lower overall ﬂuid pressure drop
(P0 Ptip) is required to invade the fracture in the tensile ambient
loading environment (Pamb > 0) as compared to the compressive
ambient loading environment (Pamb < 0). For Pamb > 0, an inﬁnites-
imal increase of the wellbore pressure over the ambient level
would result in ﬂuid invasion of the initially open crack (Figs. 5
and 6c and d, state A). ForPamb < 0, a ﬁnite increase of the wellbore
pressure over the ambient level is required to overcome the ﬂuid
yield threshold in order for the ﬂuid to enter the crack (Figs. 5
and 6a–b, state A0). Once the full plug has formed (nf = 1), the tip
pressure becomes a part of the crack-ﬂuid equilibrium solution,
and is no longer dependent on the ambient pore pressure. Taking
an example of an edge crack, Fig. 5 shows identical net pressure
(opening) proﬁles in two different ambient loading cases charac-
terized by a negative (a–b) and positive (c–d) value ofPamb, respec-
tively, when the inlet net pressure is large enough for the full plug
to develop in both cases (e.g. P0 = 1.25).
5. Plug asymptotics
Equilibrium plug solution in the parametric space of Fig. 3 is
bounded by (i) the limit of an incipient plug (nf 1) when the
net-pressure drop across the plug is insufﬁcient (P0 Ptip 1)
to drive the plastic ﬂuid into the crack; and (ii) the limit of a full
plug (nf = 1) when the net-pressure at the tip is no longer deﬁned
by the ambient pore pressure, but rather bourn by the equilibriumof the plastic ﬂuid. In this section, we discuss the corresponding
asymptotic solutions.
5.1. Incipient plug asymptotics (nf 1)
Consider an asymptotic expansion of the kernel J(n,g) in the
normalized elasticity equation (21),
Jðn;gÞ ¼ Jðn;0Þ 
Z g
0
Gðn;gÞdg
¼ Jðn;0Þ  J1ðnf Þgþ Oðn;gÞ ðn;g 6 nf  1Þ; ð31Þ
where
Jðn;0Þ ¼ J0 þ ðv 1ÞOðn; naÞ þ Oðn2Þ; J0 ¼ Jð0;0Þ ¼ 4vF0;
J1ðnf Þ ¼
8
p
v2ð1þ lnð2=nf ÞÞ; ð32Þ
and the second term in the right hand side of (31) has been obtained
by expanding G(n,g) in its arguments, taking the integral, and then
expanding the result. Substituting (31) with (32) in (20) and (21)
and discarding terms of O(nf) and smaller, we observe that the crack
opening and the net-pressure gradient are constants along the plug
within the stated approximation, and satisfy the following reduced
equation
X ¼ nf
P0 Ptip ¼ J0Ptip þ
1
2
J1ðnf Þnf ðP0 PtipÞ þ DX0; ð33Þ
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According to (33), a notion of incipient plug (nf 1) is synonymous
to small normalized pressure drop across it (P0  Ptip 1). Eq. (33)
with the terms deﬁned in (32) is used to solve for the size of an
incipient plug:
nf ¼ bW
e1þ1=a
2b
 	 
1
; a¼4v
2
p ðP0PtipÞ
2
; b¼4v
2
p
P0Ptip
J0PtipþDX0
; ð34Þ
where W(z) is the Lambert product log function (deﬁned as the
solution of equation z =WeW).
Corresponding asymptotic expression for the normalized stress
intensity factor follows from (25) after some simpliﬁcations,
K ¼ F0Ptip þ vpnf ðP0 PtipÞ þ DK: ð35Þ
Recall that DX0 ¼ DK ¼ 0 in (33)–(35) for an edge and Grifﬁth’s
cracks.
WhenP0 PtipKPtip þ J10 DX0 (‘‘[’’ = ‘‘the same order of mag-
nitude or less’’), as in the case of an edge crack (Ptip = 0.5
(P0 +Pamb) and DX0 = 0), the leading terms in the small plug
asymptotics,
nf ¼ ðJ0 Ptip þ DX0ÞðP0 PtipÞ; K ¼ F0Ptip þ DK; ð36Þ
follow from (33) and (35), respectively, when the next order small
terms nf(P0  Ptip) are neglected.
This situation changes when P0 Ptip  Ptip þ J10 DX0, as in
the case of a Grifﬁth’s crack (Ptip =Pamb and DX0 = 0) with
PambP0. In this case, the complete expressions (34) and (35)
are essential in recovering the correct asymptotic behavior of the
solution.
In general, asymptotic expressions (34) and (35) allow for
remarkably good approximation for the plugs as large as 50% of
the crack length, see Fig. 7 for the comparison of the asymptotics
with the numerical solution for a Grifﬁth’s crack.
5.2. Full plug asymptotics (nf = 1)
Equilibrium of a fully plugged Grifﬁth crack has been previously
addressed by Adachi and Detournay (2002) and Garagash (2006c)
in a somewhat different context of a propagating hydraulic fractureFig. 7. Comparison of the incipient plug solution (gray) to the numerical solution
(black) for the Grifﬁth’s crack of Fig. 3b: normalized stress intensity factor contours
K ¼ KI=p
ﬃﬃﬃﬃﬃ
p‘
p
increasing from 0 in increments of 0.2 (solid lines) and normalized
plug length contours nf = {0,0.5,1} (dashed lines) in the space of the tip and inlet
values of the normalized net-pressure.driven by injection of a power-law ﬂuid at the crack inlet. Their
solution, although speciﬁc to the ﬂux boundary condition at the in-
let, may in principle be converted in the case of a plastic ﬂuid (cor-
responding to their ‘‘ﬂuid power-law exponent’’ value of n = 0) to a
more universal form that is independent of a particular boundary
condition at the inlet, and that, therefore, would be suitable to this
study. This conversion is, however, outside the scope of this paper,
where, instead, we recapture the main features of the full plug
asymptotic solution for the Grifﬁth’s crack and develop similar
asymptotic solution for the edge crack based on this paper’s
formulation.
The full-plug solution has been obtained numerically in the pre-
vious Section within a range of Ptip (see contour line nf = 1 on
Fig. 3), by indiscriminately applying the numerical procedure
developed in Appendix B for a partial plug (nf < 1) in the limit
nf? 1. Although, the net ﬂuid pressure gradient has a negative
(square root) singularity at the crack tip (26) in the case of a full
plug, the numerical solution proves to be robust (i.e. it is approxi-
mately invariant to further reﬁnement of the numerical discretiza-
tion) in the considered range for Ptip and the corresponding range
of ﬁnite K. It is useful to complement the numerical range of the
full plug solution with the two asymptotes, for large negative
and large positive values of Ptip, respectively, as in the following.
5.2.1. Small SIF limit
Examination of the general solution suggests (Fig. 3) that the
Ptip 1 limit corresponds to ﬁnite inlet net pressure, P0  1,
and vanishing normalized SIF, K  1. In other words, this is the
limit when the compressive conﬁning stress is much larger than
the characteristic ﬂuid pressure, r0  p, while the net ﬂuid pres-
sure away from the crack tip is comparable to p⁄, i.e. p0  r0  p,
which results in negligible stress concentration at the crack tip,
KI  p
ﬃﬃﬃﬃﬃ
p‘
p
. This limit is similar to the ‘‘viscosity-dominated’’ re-
gime of hydraulic fracture propagation (Adachi and Detournay,
2002; Garagash, 2006c), when the energy dissipation at the crack
tip in overcoming the rock resistance to fracture is much smaller
than the dissipation in overcoming the ﬂuid resistance to ﬂow
within the crack channel, while high conﬁning stress insures that
the lag between the ﬂuid front and the moving crack tip is negligi-
ble (Garagash and Detournay, 2000; Garagash, 2006a).
In the following, we focus on the zero SIF, full plug ðK ¼ 0;
nf ¼ 1Þ solution for the short and long crack approximations, while
acknowledging that the extension of the approach to the general
case of intermediate crack length is straightforward. Evaluating
(20), (21) and (25) at nf = 1 and K ¼ 0 and eliminating P0 between
the two equations, result in a single integral equation for the net
pressure gradient,
XðnÞ ¼  1
dP=dn
¼
Z 1
0
eJðn;gÞ dP
dg
dg eJðn;gÞ ¼ Jðn;gÞ  Jðn;0Þ FðgÞ
F0
 
: ð37Þ
In view of the net pressure singularity at the crack tip (27), the solu-
tion of (37) is sought in the form of a decomposition
dP
dn
¼  1
2
ﬃﬃﬃ
p
p ð1 nÞ þ
eP 0ðnÞ; ð38Þ
where the regular part of the pressure gradient, eP0ðnÞ, is solved for
using a numerical method (as further expanded on in Appendix B)
similar to the method used for the general solution. The corre-
sponding proﬁles of the normalized crack opening X(n) = 1/(dP/
dn) for an edge and Grifﬁth’s cracks, respectively, are shown on
Fig. 8.
The normalized net pressure at the inlet is numerically evalu-
ated from (25) with nf = 1 and K ¼ 0,
Fig. 8. Normalized crack opening X (=inverse of the pressure gradient) proﬁles for
an edge and Grifﬁth’s cracks in the full plug, zero SIF solution. Fig. 9. Normalized net pressure at the inlet (P0) and the tip (Ptip), scaled by
numerical factor F0, vs. the normalized SIF K ¼ KI=p
ﬃﬃﬃﬃﬃ
p‘
p
in the full plug solution
(nf = 1) for a Grifﬁth’s (solid lines, F0 = 1) and an edge (gray lines, F0 ’ 1.121) cracks.
Dotted lines show the zero and large SIF asymptotes.
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where the value for the Grifﬁth’s crack is conﬁrmed by the original
solution of Adachi and Detournay (2002) for this crack geometry.
5.2.2. Large SIF Limit
Examination of the general solution suggests (Fig. 3) that the
Ptip 1 limit corresponds to P0 ’Ptip 1, and large values of
the SIF, K  1. In other words, this is the limit when the net ﬂuid
pressure in the full plug is approximately uniform and much larger
than the characteristic value p⁄, i.e. p r0  p, and KI  p
ﬃﬃﬃﬃﬃ
p‘
p
.
This limit is similar to the ‘‘toughness-dominated’’ regime of
hydraulic fracture propagation (Garagash, 2006b,c), when the en-
ergy dissipation at the crack tip in overcoming the rock resistance
to fracture overwhelms the dissipation due to the ﬂuid resistance
to ﬂow within the crack channel.
The corresponding asymptotic solution is that of a uniformly
pressurized crack, P(n) =P0 =Ptip, and K ¼ F0P0 for an edge or
Grifﬁth’s crack geometries.
5.2.3. Overall solution
Fig. 9 shows the full plug solution for the inlet and tip values of
the normalized net pressure (scaled by the geometry-speciﬁc fac-
tor F0) as a function of the normalized SIF for the edge and Grifﬁth’s
crack geometries. (The small and large SIF asymptotes are shown
by dotted lines). There is a remarkable approximate similarity of
the solutions for the two limiting crack geometries: the difference
between the scaled values of P0 in the two geometries varies from
the maximum of about 2.5% to 0%, as K varies from zero to inﬁnity.
Although we carried out the numerical solutions for the edge
and Grifﬁth’s crack independently, the observation of approximate
similarity of the two solutions suggests an accurate and simple
way to extrapolate results from one limiting crack geometry to an-
other, and, more generally, to the case of an intermediate crack
length (‘  R). The formalism for the approximate solution similar-
ity is laid out in Appendix C, and further used for intermediate
crack analysis in Section 6.2.1 (p0  pamb)/p⁄ and Pamb/p⁄ correspond to P0  Pamb and Pamb, respectively, in the
Grifﬁth’s scaling, and to a half of these values in the edge crack scaling.6. Conditions for initiation and arrest of crack propagation
6.1. Short and long crack approximations
Given dimensionless rock toughness Kc ¼ KIc=p
ﬃﬃﬃﬃﬃ
p‘
p
and ambi-
ent loading parameterPamb, the crack propagation condition is metwhere the critical SIF contour, KðP0;PtipÞ ¼ Kc , on Fig. 3 is inter-
sected by the crack loading trajectory parametrized by Pamb (see
Fig. 4). The result is the breakdown value of net pressure P0 as a
function of Kc and Pamb. To further streamline evaluation of the
breakdown condition, it is convenient to recast the normalized
SIF solution in terms of an alternative set of parameters, in which
the wellbore loading (variable crack inlet pressure) and the ambi-
ent loading (constant in situ stress and ambient pore pressure) are
separated. This is achieved in Fig. 10 that shows the normalized SIF
as a function of the normalized ﬂuid overpressure at the inlet
(p0  pamb)/p⁄ and the normalized ambient loading parameter
Pamb/p⁄,1 where Pamb is given by pamb  0.5(3rmin  rmax) for an edge
and by pamb  rmin for a Grifﬁth’s crack. For a partial plug (the region
on Fig. 10 below the nf = 1 contour), contours on Fig. 10 were ob-
tained by direct transformation of contours on Fig. 3 using trajectory
relations (28) or (29). For a full plug (the region on Fig. 10 above the
nf = 1 contour), the SIF solution Kjnf¼1ðP0Þ is used to construct corre-
sponding SIF contours on Fig. 10 – straight lines with the slope of 1
emanating from the corresponding points on the nf = 1 contour.
A loading trajectory in the space of Fig. 10 is a vertical line cor-
responding to a ﬁxed ambient state (horizontal axis) and variable
inlet overpressure (vertical axis), which intersection with the
breakdown curve K ¼ Kc , as the inlet overpressure is gradually in-
creased, corresponds to the initiation of crack propagation. The
continuing crack propagation or arrest depends on the evolution
of the inlet overpressure and on the changing length of propagat-
ing crack relative to the wellbore scale. Fig. 10 shows that either
an edge or a Grifﬁth’s crack will propagate indeﬁnitely after the
breakdown if, for instance, (i) wellbore pressure is maintained at
the initial breakdown value, and (ii) the initial approximation of
the crack geometry (which includes corresponding approximation
of the conﬁning stress) remains valid in the course of propagation.
Indeed, increase of the crack length within the range of applicabil-
ity of a given crack geometry approximation results in reduction of
the normalized toughness value ðKc / ‘1=2Þ while the normalized
SIF remains at the same, breakdown value, leading to unstable
propagation ðK > KcÞ. In other words, stabilization of the crack
propagation (K ¼ Kc and mobile equilibrium of the plastic ﬂuid
Fig. 10. Contours of the normalized stress intensity factor K ¼ KI=p
ﬃﬃﬃﬃﬃ
p‘
p
in the space of the normalized ambient loading parameter Pamb/p⁄ and the normalized ﬂuid
overpressure (p0  pamb)/p⁄ for (a) an edge crack with Pamb = pamb  0.5(3rmin  rmax), and (b) Grifﬁth’s crack with Pamb = pamb  rmin. Dashed lines show the incipient (nf = 0),
a partial (nf = 0.5), and full (nf = 1) plugs.
2 Pamb/p⁄ is equal to Pamb/2 in the edge scaling and Pamb in the Grifﬁth’s scaling;
(p0  pamb)/jPambj = (P0  Pamb)/jPambj in the both scalings.
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sible when the inlet pressure declines or/and the crack ‘‘grows out’’
of the initial geometry approximation. To expand on the latter,
when the Grifﬁth’s (long crack) approximation is applicable to
the initial crack at the breakdown, it remains applicable during
the ensuing crack growth. Consequently, such cracks would prop-
agate indeﬁnitely if the inlet pressure remains unchanged or in-
creases. On the other hand, a short initial crack approximated by
the edge crack geometry at the breakdown will eventually grow
to a size comparable to the wellbore radius, when the edge approx-
imation is no longer valid and intermediate crack length consider-
ations are necessary in order to assess conditions for further crack
propagation or arrest (Section 6.2).
Let us consider an example evaluation of the breakdown condi-
tion. Adopting a set of rock and ﬂuid properties, E0 = 30 GPa,
KIc = 1 MPa m1/2, and s0 = 0.01 MPa (Cerasi et al., 2001), and an edge
crack of length ‘ = 0.01 m, the characteristic pressure and crack
opening are p⁄ ’ 24.5 MPa and w⁄ ’ 0.008 mm, and Kc ’ 0:23.
Using the corresponding SIF contour on Fig. 10a and the above char-
acteristic pressure value, the breakdown value of the inlet overpres-
sure can be determined for a particular ambient state. For example,
in the case of a compressive ambient loading characterized by
Pamb 6 6.1 MPa (Pamb/p⁄ 6 0.25) we ﬁnd the minimum break-
down overpressure p0  pamb of about 13 MPa (’0.53p⁄, point A
on Fig. 10a). The corresponding maximum fraction of the crack
length invaded by the wellbore ﬂuid prior to the breakdown is 0.75.
Assuming now a Grifﬁth’s crack of length ‘ = 10 m and the same
rock and ﬂuid properties as before, the characteristic pressure is un-
changed. The characteristic crack opening changes to w⁄ ’ 0.8 mm,
and the normalized toughness is signiﬁcantly smaller than that for
the edge crack example, Kc ’ 0:007. Assuming the same ambient
loading state and isotropic far ﬁeld stress, results in the range of
the ambient state parameter for the Grifﬁth’s crack, Pamb/
p⁄ 6 0.25, that is identical to that in the edge crack example. The
minimum breakdown overpressure for the considered Grifﬁth’s
crack is approximately 22 MPa (’0.89p⁄, point A on Fig. 10b). The
corresponding maximum fraction of the crack length invaded by
the wellbore ﬂuid prior to the breakdown is 0.68.
As evident from these two examples, the breakdown pressure is
signiﬁcantly larger for a Grifﬁth’s crack with ‘ = 10 m than that for
an edge crack with ‘ = 0.01 m, suggesting that the crack propaga-
tion initiated from an edge crack has to arrest before the crack
can grow to a size large enough to support the Grifﬁth’s approxi-
mation. This state of affairs betrays the dependence of the crack
tip SIF on the hoop stress generated by the pressurized wellbore– as the crack length increases the positive contribution of the
hoop stress to the SIF diminishes and eventually becomes negligi-
ble in the Grifﬁth’s limit, resulting in a potentially higher break-
down pressure for a Grifﬁth’s crack than that for a wellbore edge
crack.
This suggests a sufﬁcient condition for crack arrest when the
propagation is initiated from an edge crack at the breakdown over-
pressure value below that for a Grifﬁth’s crack with zero SIF (the
minimum value of overpressure required to propagate a Grifﬁth’s
crack). The corresponding locus of the maximum values of the
breakdown overpressure for an edge crack which guarantees its
eventual arrest is shown by dotted line on Fig. 10a for the case of
isotropic far ﬁeld stress. In the general case (rmax > rmin), in view
of the relation between the edge and the Grifﬁth’s scalings (30),
the dotted curve on Fig. 10a has to be translated in the positive
direction of the horizontal axis by (rmax  rmin)/2p⁄. In other
words, the far ﬁeld stress anisotropy tends to promote crack arrest
by increasing range of values of the ﬂuid overpressure and of the
ambient loading parameter where the sufﬁcient arrest condition
is met.
6.1.1. Dependence on the ﬂuid yield stress
Scaling (19) for the net pressure, SIF, and opening involves the
ﬂuid yield stress s0 (embedded in the expression for the character-
istic pressure p⁄ and opening w⁄), which makes ascertaining the
dependence of the breakdown conditions on s0 from the corre-
sponding normalized solution a nontrivial task. To remedy this sit-
uation, we rescale the SIF as, K^ ¼ KI=jPambj
ﬃﬃﬃﬃﬃ
p‘
p
, and plot K^ on Fig. 11
as a function of the normalized ambient loading parameter Pamb/p⁄
and rescaled ﬂuid overpressure2 (p0  pamb)/jPambj, where Pamb/p⁄ is
now the only parameter that embodies the solution dependence on
s0, Pamb=p / 1=
ﬃﬃﬃﬃﬃ
s0
p
. Corresponding change of the breakdown value
of the ﬂuid overpressure with s0 can be easily evaluated from
Fig. 11 by following the contour line corresponding to the critical va-
lue of the rescaled SIF, K^ ¼ K^c with K^c ¼ KIc=jPambj
ﬃﬃﬃﬃﬃ
p‘
p
.
As expected, increasing ﬂuid yield stress (decreasing jPambj/p⁄)
stabilizes the crack by increasing the breakdown overpressure
(Fig. 11). This stabilization is limited for an edge crack, i.e. the
breakdown pressure has a ﬁnite upper bound in the limit of large
yield stress, s0?1 (Pamb/p⁄? 0), that is given by the incipient
plug asymptote (Section 5.1). On the other hand, the breakdown
pressure becomes unbounded (complete stabilization) in the same
Fig. 11. Contours of the rescaled stress intensity factor K^ ¼ KI=jPambj
ﬃﬃﬃﬃﬃ
p‘
p
in the space of the normalized ambient loading parameter Pamb/p⁄ and the rescaled ﬂuid
overpressure (p  pamb)/jPambj1090 for (a) an edge crack with Pamb = pamb  0.5(3rmin  rmax), and (b) a Grifﬁth’s crack with Pamb = pamb  rmin. Points A, B, and C correspond to
breakdown states of an edge crack with ‘ = 0.01 m (a), and a Grifﬁth’s crack with ‘ = 10 m (b), for three different plug ﬂuids with s0 = 0.01, 0.1, and 0.001 MPa, respectively,
with the rest of the parameter set described in the text.
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the two crack geometries are explained by the presence of the ten-
sile hoop stress acting to open an edge crack even when the ﬂuid
can not enter the crack from the wellbore due to, for example, a
large ﬂuid yield threshold, and the lack of such loading on a Grif-
ﬁth’s crack.
For the examples of an edge (‘ = 0.01 m) and Grifﬁth’s (‘ = 10 m)
cracks considered in the above and characterized by the ﬂuid yield
stress s0 = 0.01 MPa (p⁄ ’ 24.5 MPa), ambient loading Pamb =
6.1 MPa, isotropic far ﬁeld stress rmax = rmin, and 0.01 R
10 m, the respective values of the rescaled SIF are K^ ’ 0:9 and
0.03. Corresponding breakdown states are marked by point A on
Fig. 11a and b, respectively. Consider increasing s0 by an order of
magnitude to 0.1 MPa (p⁄ ’ 77.5 MPa), which, in the wellbore-dril-
ling context, may correspond to drilling mud (cake) engineered in
order to strengthen the wellbore. The ﬂuid strengthening leads to
a change of the normalized ambient loading parameter Pamb/p⁄ (hor-
izontal axis of Fig. 11) from0.25 to0.08, and to the corresponding
increase of breakdown overpressure p0  pamb (vertical axis scaled
by jPambj) from about 13 to 17 MPa for an edge crack and from about
22 to 51 MPa for a Grifﬁth’s crack. (These breakdown states for the
original and the strengthened ﬂuid are shown on Fig. 11 by points
A and B, respectively). Finally, decreasing s0 to 0.001 MPa
(p⁄ ’ 7.8 MPa) results in decrease of the breakdown overpressure
to roughly 9.4 for an edge and 11 MPa for a Grifﬁth’s crack (point C
on Fig. 11a and b).
6.2. Intermediate crack length
Mapping of the full numerical solution for an intermediate
crack in its parametric space, which now includes two additional
parameters, the length-to-radius ratio ‘/R and a measure of the
far-ﬁeld stress anisotropy, (rmax  rmin)/p⁄, is a computationally
intensive task. On the other hand, the approximate similarity prin-
ciple, as detailed in Appendix C, provides an accurate solution for
an intermediate crack by simply rescaling the edge or the Grifﬁth’s
crack solution.
Fig. 12 illustrates the approximate similarity solution for the
normalized SIF as a function of the length-to-radius ratio for vari-
ous ﬁxed values of the inlet net pressure (p0  rmin)/p⁄ in (a) a
compressive ambient loading environment with (pamb  rmin)/p⁄ = 0.25, and (b) a tensile ambient loading environment with
(pamb  rmin)/p⁄ = 0.25. (Isotropic far ﬁeld stress condition,
rmax = rmin, is assumed.) The full numerical intermediate crack
solution for the select set of values of the crack length and of the
inlet net pressure (cross symbols on Fig. 12) further validates the
accuracy of the approximate similarity solution.
The edge and the Grifﬁth’s crack SIF solutions are recovered by
the intermediate crack solution on Fig. 12 in the short (‘/R 1)
and long (‘/R 1) crack limits, respectively, as manifested by sta-
tionary values of K in these limits. Asymptotic range of crack
length, where the approximation by an edge or Grifﬁth’s crack
loaded by the respective uniform conﬁning stress is applicable,
shrinks with decreasingK (Fig. 12). This is substantiated by the fact
that the smaller is the SIF, the larger is the relative contribution of
the spatially varying component of the wellbore-induced conﬁning
stress, which is not accounted for in the end-member crack geom-
etries. Consider the case of a long crack, when the wellbore hoop
stress is localized to a region small compared to the crack length,
and, therefore, can be modeled by a statically equivalent pair of
point forces applied to the opposing crack surfaces at the inlet.
The magnitude P = 4R(p0  rmin) of the equivalent point force is
calculated as the sum of the net wellbore force, 2R(p0  rmin),
and the net force acting on a crack surface, 2
R1
0 ðrmin  r0ðxÞÞdx
¼ 2Rðp0  rminÞ, where r0(x) is given by (1). The corresponding
expression for the SIF is the sum of the SIF for the pressurized Grif-
ﬁth’s crack subjected to uniform conﬁning stress rmin and the con-
tribution from the ‘‘wellbore point-force pair’’,
KI ¼ KGrifI þ
Pﬃﬃﬃﬃﬃ
p‘
p ð‘ RÞ:
The normalized form of the above expression, K ¼ KGrif þ ð4=pÞ
ðR=‘Þðp0  rminÞ=p, conﬁrms the ﬁndings from Fig. 12 that the min-
imum length-to-radius ratio for the Grifﬁth’s crack approximation
is increasing with decreasing value of the normalized SIF
ð‘=R 1=KÞ.
For a compressive ambient loading, a certain minimum positive
value of (p0  rmin)/p⁄ is required for a plastic ﬂuid to enter the
crack and form a plug. This minimum net pressure value corre-
sponds to zero SIF at the crack tip, and, for the choice of the ambi-
ent loading of Fig. 12a, varies with the crack length from
approximately 0.2185 in the short crack limit to 0.6406 in the long
Fig. 12. Normalized SIF KI=p
ﬃﬃﬃﬃﬃ
p‘
p
as a function of the crack length scaled by the
wellbore radius, ‘/R, for various values of the normalized net pressure at the inlet
(p0  rmin)/p⁄, and the ambient loading characterized by isotropic far ﬁeld stress
rmax = rmin, and parameter (pamb  rmin)/p⁄ equal to (a) 0.25, and (b) +0.25.
Examples of crack propagation trajectories parametrized by KIc=p
ﬃﬃﬃﬃﬃﬃ
pR
p
are show by
a thick gray line, where the initial breakdown state shown by a solid dot.
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from the K ¼ 0 solution on Fig. 10a and b for Pedgeamb ¼ 0:5 and
PGrifamb ¼ 0:25, respectively, under isotropic far-ﬁeld stress condi-
tions.) As discussed in Section 6.1, the minimum value of
(p0  rmin)/p⁄ in the long crack limit ðKGrif ¼ 0Þ bears important
implications for the stability of crack propagation. Speciﬁcally,
we conjectured that the crack propagation initiated from an edge
crack is bound for eventual arrest (before it grows out to the long
crack limit) if the breakdown value of the inlet net pressure is be-
low the latter threshold. As we show next on the example of
Fig. 12a, this conjecture is valid and, furthermore, is not limited
to the case of a short initial crack. In other words, the critical
(p0  rmin)/p⁄ ’ 0.6406 contour line on Fig. 12a separates the re-
gion (above) where unstable crack propagation is limited by the
eventual arrest from the region (below) where the crack propaga-
tion is unconditionally unstable.
We ﬁrst acknowledge that crack propagation path in the log–log
axes of Fig. 12a corresponds to a straight line with the 1/2 slope,
that can be parametrized as K ¼ ðKIc=p
ﬃﬃﬃﬃﬃﬃ
pR
p
Þð‘=RÞ1=2. Since the
critical contour line has asymptotically identical slope (1/2) in
the long crack limit, propagation trajectories that initiate at a value
of the inlet net pressure below the critical value will necessarily ar-
rest after an episode of unstable propagation, with subsequent sta-
ble propagation possible by increasing the inlet net pressure. Thisregion of limited instability corresponds to non-monotonic
(decreasing and then increasing) dependence of the equilibrium
value of the inlet net pressure required to propagate the crack in
mobile equilibrium, with the arrest of unstable propagation taking
place when the equilibrium value of the inlet pressure regains its
initial breakdown value. On the other hand, crack propagation is
unconditionally unstable for trajectories that initiate above the
critical contour, as a decreasing inlet net pressure is required in
this case to stabilize the crack growth and bring the ﬂuid in the
crack to mobile equilibrium.
An example of unstable crack propagation that is followed by
arrest (stabilization) in a compressive ambient loading environ-
ment with (pamb  rmin)/p⁄ = 0.25 is shown on Fig. 12a for an ini-
tial crack-to-radius ratio ‘0/R = 0.05 and normalized toughness
value Kc ¼ 0:23 (point A0). This example corresponds to the set
of material parameters and loading conditions considered in Sec-
tion 6.1 for crack length ‘ = 0.01 m, if the wellbore radius is set
to R = 0.2 m. The breakdown value of the inlet net pressure in the
edge crack approximation, considered in Section 6.1, is
(p0  rmin)/p⁄ ’ 0.53  0.25 = 0.28 (point A on Fig. 10a), which is
only slightly less than the value (p0  rmin)/p⁄ ’ 0.3 suggested by
the intermediate crack solution (point A0 on Fig. 12a). Ensuing
crack propagation takes place along the trajectory with
KIc=p
ﬃﬃﬃﬃﬃﬃ
pR
p
’ 0:05ð¼ Kc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘0=R
p Þ, as indicated on Fig. 12a. This prop-
agation is unstable, as dashed portion of the trajectory on Fig. 12a
deeps under the breakdown (p0  rmin)/p⁄ ’ 0.3 contour line, until
it is arrested at point A1 corresponding to the crack length of about
30% of the wellbore radius. Further crack propagation (past point
A1) along the trajectory on Fig. 12a requires increasing net pressure
at the inlet, and, therefore, is stable within a certain range of the
inlet pressure above the initial breakdown value. The upper bound
to the stable range of (p0  rmin)/p⁄ is set by the critical value
0.6406, which corresponds to the diverging length of the equilib-
rium crack. Fig. 12a shows that the crack length grows by more
than two orders of magnitude as (p0  rmin)/p⁄ is increased from
0.3 to 0.626 (A1? A2, Fig. 12a). The large rate of crack growth sug-
gests that the actual loss of the ﬂuid mobile equilibrium within the
crack is likely to occur at a lower-than-critical value of the inlet
pressure, which will be constrained by competing rate of wellbore
pressurization (and, therefore, the rate of crack propagation) and
rate of viscoplastic ﬂow at which the ﬂuid tends to regain the plas-
tic equilibrium within a propagating crack.
For a tensile ambient stress environment, mobile equilibrium
solution on Fig. 12b shows that the crack propagation past the ini-
tial breakdown is always unstable. In other words, wellbore
unloading (decreasing inlet net pressure) is required to maintain
stable propagation past the breakdown, see an example of such
propagation trajectory on Fig. 12b.
Finally, we would like to ﬁnish by emphasizing that unstable
crack propagation in the context of this paper corresponds to the
inability of the plastic ﬂuid to remain in mobile equilibrium within
a propagating crack at a given wellbore (crack inlet) loading. In
which case, the crack propagation is to be moderated by dynamic
pressure losses in the viscous or viscoplastic ﬂuid ﬂow within the
crack, as usually considered to be the case when modeling hydrau-
lic fracture propagation (e.g. Adachi et al., 2006).7. Conclusions
A model describing equilibrium of a pressurized plastic ﬂuid,
partially invading a wellbore crack, is formulated. Two end-mem-
ber cases, when the crack length is small (edge crack) or large (Grif-
ﬁth’s crack) compared to the wellbore radius, are studied in detail.
Corresponding solutions for the normalized net ﬂuid pressure in the
crack, p r0
 
=p, crack width w/w⁄, plug size nf = ‘f/‘, and stress
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ﬃﬃﬃﬃﬃ
p‘
p
at the crack tip are obtained as a function
of two numbers: the normalized net ﬂuid pressure at the inlet and
at the crack tip, respectively. Characteristic values of pressure
p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2s0E0
p
, crack opening w ¼ ‘
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2s0=E0
p
, and wellbore conﬁning
stress r0 embody these solutions’ dependence on the ﬂuid yield
stress s0, rock modulus E0, crack length, and the far ﬁeld stress.
For a partial plug (nf < 1), the pressure at the tip is equal to the ambi-
ent pore pressure value pamb, which deﬁnes a linear loading trajec-
tory, as the inlet pressure is continuously increased, in the space of
the inlet and tip values of the net pressure, parameterized by a sin-
gle number given by (pamb  0.5(3rmin  rmax))/p⁄ for an edge crack
and (pamb  rmin)/p⁄ for a Grifﬁth’s crack. For a full plug (nf = 1), the
net pressure at the tip is at or above the ambient level, and is given
by the unique function of the inlet net-pressure.
In the general case of an intermediate wellbore crack length
(‘  R), the normalized solution is a function of two additional
non-dimensional parameters, the crack-to-radius ratio ‘/R and a
normalized measure of the far ﬁeld stress anisotropy (rmax 
rmin)/p⁄. An approximate similarity principle provides an accurate
solution for an intermediate wellbore crack by means of simply
rescaling of either the edge or the Grifﬁth’s crack solutions, thus,
alleviating the need for intensive numerical mapping of the solu-
tion in multiple parameters.
Obtained solutions are used to evaluate conditions for the initi-
ation of crack propagation (wellbore breakdown), and to study
ensuing crack propagation. Within constraints of an end-member
crack geometry, the breakdown net pressure is an increasing func-
tion of the normalized rock toughness KIc=p
ﬃﬃﬃﬃﬃ
p‘
p
for a ﬁxed ambi-
ent loading parameter, and, therefore, is decreasing with
increasing length of the crack. In tensile ambient loading environ-
ment (pamb  rmin > 0), this holds in the general case of an interme-
diate crack length as well, indicating that once the breakdown
condition is ﬁrst met, the ensuing crack propagation is unabated
as long as the wellbore pressure is maintained at the constant le-
vel. In this case, the ﬂuid within the crack can not maintain mobile
equilibrium (the stress in the ﬂuid will exceed the yield threshold),
and its viscous ﬂow moderates the fracture propagation. In com-
pressive ambient loading environment (pamb  rmin < 0), the break-
down pressure dependence on the crack length is non-monotonic
(decreasing and then increasing) when KIc=p
ﬃﬃﬃﬃﬃﬃ
pR
p
K1 (Fig. 12a).
In this case, the extent of unstable crack propagation is limited if
the initial breakdown pressure is below the minimum value re-
quired to propagate a Grifﬁth’s crack, as set by the corresponding
zero SIF solution.
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acknowledged.Appendix A. Elasticity kernel and related functions
A.1. Elasticity kernel G(n,g) and its indeﬁnite integrals
Expression (10) for kernel G(n,g) with approximation (8) for the
conﬁguration function f(n) can be integrated in the closed-form,
Gðn;gÞ¼ 8
p
v2
2
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1g2
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1n2
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p
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; ð40Þwhere function U is deﬁned as
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: ð42Þ
Indeﬁnite integral Jðn;gÞ ¼ R 1g Gðn;gÞdg that appears in the by-parts
integral form of the elasticity equation, (11), can be evaluated ana-
lytically in the Grifﬁth’s crack limit (v = 1) as (e.g., Garagash, 2006a)
Jðn;gÞ ¼ 8
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
q
arccosg gGðn;gÞ
 4
p
n ln
n g
nþ g
1þ ngþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 g2
p
1 ngþ
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1 n2
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1 g2
p

 ðv ¼ 1Þ:
In the general case (v > 1), J(n,g) is tabulated numerically in domain
n, g 2 [0,1] over a grid with 0.005 spacing in both n and g.
A reduction of function J(n,g) for g = 0, that also appears in elas-
ticity equation (11) and gives the opening proﬁle in the case of a
uniform net pressure distribution along the crack, can be evaluated
in the following closed-form,
Jðn;0Þ ¼
Z 1
0
Gðn;gÞdg ¼ 4F0 v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
q
 ðv 1Þn

	
ﬃﬃﬃ
p
p
2
C a12
 
C a2
   na1
a 1 2F1
a 1
2
;
1
2
;
aþ 1
2
; n2
 " #!
; ð43Þ
where constant F0 = F(0) is given by
F0 ¼ 2p
Z 1
0
f ðnÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
p dn ¼ v ðv 1Þ 2ﬃﬃﬃ
p
p C
aþ1
2
 
aC a2
  : ð44Þ
Expression (44) gives F0 = 1 and F0 ’ 1.121 in the limits of a Grif-
ﬁth’s and an edge crack, respectively. When evaluating the integral
in (43), we used its equivalent, double-integral form, similar to that
in elasticity equation (6) and a uniform net pressure.
An indeﬁnite integral Iðn;gÞ ¼ R g0 Jðn;gÞdg that is used in the
numerical solution (B) is numerically evaluated using a local poly-
nomial (order 3) interpolation for J(n,g), implemented in Wolfram
Mathematica software, version 7.0.
Functions I(n,g) and J(n,g) are shown on Fig. 13 for the case of
an edge crack (v = 1.297).A.2. SIF-related function
Function F in (15) can be evaluated explicitly for the conﬁgura-
tional function approximation (8),
FðnÞ¼ 2
p
Z 1
n
f ðnÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1n2
p dn
¼ F02p varcsinnðv1Þ
naþ1
aþ12F1
aþ1
2
;
1
2
;
aþ3
2
;n2
  !
; ð45Þ
where F0 is given by (44). A useful indeﬁnite integral of F is given by
FðnÞ¼
Z n
0
FðnÞdn¼F0n2p
v narcsinnþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1n2
p
1
 
þv12 Bn2 aþ22 ;12
 nBn2 aþ12 ;12  
0B@
1CA; ð46Þ
where Bz(a,b) is the incomplete Euler beta function (Abramowitz
and Stegun, 1965).
(a) (b)
Fig. 13. Functions (a) Jðn;gÞ ¼ R 1g Gðn;gÞdg and (b) Iðn;gÞ ¼ R g0 Jðn;gÞdg evaluated for an edge crack at ﬁxed values of g from 0 to 1 (0.05 step).
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solution
We ﬁrst introduce a piecewise constant approximation of the
net pressure gradientP0(n) = dP/dnwithin the ﬂuid-invaded region
of the crack n 2 (0,nf) over a uniformly spaced grid nj, (j = 1, . . . ,n),
with n1 = 0 and nn = nf:
P0ðn 2 ðnj; njþ1ÞÞ ¼ P0jþ1=2: ð47Þ
The corresponding approximation for the normalized crack opening
(21) is then evaluated,
XðnÞ ¼
Xn1
j¼1
AjðnÞP0jþ1=2 þP0Jðn;0Þ 
Z 1
0
Gðn;gÞRðgÞdg; ð48Þ
where Aj(n) = I(n,nj+1)  I(n,nj), functions J(n,g) and Iðn;gÞ ¼R g
0 Jðn;gÞdg are tabulated in Appendix A.1, and the integral term,
when non-zero (the case of an intermediate crack length), is evalu-
ated numerically.
Evaluating (20) at the grid elements’ midpoints
ni+1/2 = 0.5(ni + ni+1) (i = 1, . . . ,n  1),
 1
P0iþ1=2
¼ Xðniþ1=2Þ; ð49Þ
while using approximations (47) and (48), yields the system of
n  1 quadratic equations, which is solved numerically (by means
of the Newton iterations) n  1 unknown values of the pressure gra-
dient at grid elements, P0iþ1=2, as a function of nf and P0.
Corresponding solution for the normalized pressure drop across
the plug,
P0 Ptip ¼ Mn
Xn1
j¼1
P0jþ1=2 ð50Þ
is used, in the case of a partial plug (nf < 1), to relate nf to P0 and
Ptip; and, in the case of a full plug (nf = 1), to express unknown Ptip
as a function of P0.
Using approximation (47), expression (25) for the normalized
SIF is evaluated as,
K ¼
Xn1
j¼1
ðFðnjþ1Þ  FðnjÞÞP0jþ1=2 þ F0P0 
2
p
Z 1
0
f ðnÞRðnÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
p dn; ð51Þ
where F is an indeﬁnite integral of F which closed-form expression
is given by (46), and the integral term (non-zero for an intermediate
crack length) is evaluated numerically.B.1. Zero SIF, full-plug case
In this asymptotic case, the net pressure gradient has a strongly
singularity at the crack tip (1/distance to the tip), which requires a
modiﬁcation of the general numerical method presented in the
above.
Using the solution decomposition into singular P0asyðnÞ and reg-
ular eP0ðnÞ parts, dP=dn ¼ P0asyðnÞ þ eP0ðnÞ with P0asyðnÞ ¼ 1=ð2 ﬃﬃﬃpp
ð1 nÞÞ, (38), and introducing piecewise constant approximation
for the regular part of the net pressure gradient, similarly to (47),eP0 n 2 nj; njþ1   ¼ eP0jþ1=2, the reduced form of the elasticity Eq.
(37) can be written, similarly to (48), as
XðnÞ ¼ XasyðnÞ þ
Xn1
j¼1
eAjðnÞ eP 0jþ1=2: ð52Þ
Here XasyðnÞ ¼
R 1
0
eJðn;gÞP0asyðgÞdg and eAjðnÞ ¼ eIðn; njþ1Þ eIðn; njÞ,
with eIðn;gÞ ¼ R g0 eJðn;gÞdg.
Evaluating (20) at the grid elements’ midpoints and using (52)
yields a system of algebraic equations that is used to solve for
the values of the regular part of the net pressure gradient at the
grid elements.
Appendix C. Approximate similarity of the wellbore crack
solution
We have observed that the full plug solutions in the short (edge)
and long (Grifﬁth’s) crack limits are approximately the same when
the values of the inlet and tip net pressure are scaled by numerical
factor F0 equal to 1.121 for an edge and 1 for a Grifﬁth’s crack,
respectively (Fig. 9). Based on this approximate similarity of the
two end-members cases of the wellbore crack geometry, it is likely
that the similarity is to hold for the general case of an intermediate
crack length as well. To formulate the similarity in general terms,
we consider a variant of scaling (19) where the reference stress va-
lue r0 is set to equal the conﬁning stress averaged over the crack
length,
r0 ¼
Z 1
0
r0ð‘nÞdn ¼ p0  p0 
rmax þ rmin
2
 
1þ 1
1þ c
	 

 rmax  rmin
2
1þ 3þ cð3þ cÞ
ð1þ cÞ3
" #
; ð53Þ
where c = ‘/R is the normalized crack length. Clearly, the solution
scaling now varies with the crack length and the two particular
Fig. 14. Normalized stress intensity factor K (solid) and plug length nf (dashed)
contours, as in Fig. 3, in the space of the normalized net pressure at the inlet (P0)
and tip (Ptip) scaled by factor F0 = 1 for the Grifﬁth’s crack solution (black lines) and
by F0 ’ 1.121 for the edge crack solution (gray lines).
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text (referred to as the edge and Grifﬁth’s scalings, respectively)
are recovered from (53) in the short and long crack limit,
respectively.
The normalized variance of the conﬁning stress DRðnÞ ¼ ðr0ð‘nÞ
r0Þ=p can be expressed as a linear, weighted combination of the
normalized inlet pressure P0 ¼ ðp0  r0Þ=p and the normalized
stress anisotropy parameter Ra = (rmax  rmin)/p⁄,
DRðnÞ ¼ P0/ðnÞ þ RawðnÞ; ð54Þ
where the weights /(n) and w(n) are deﬁned as
/ðnÞ¼cð1þnð2þcnÞÞ
ð2þcÞð1þcnÞ2
; wðnÞ¼1
2
1
ð1þcÞ2
 3
ð1þcnÞ4
þ 2þcð2þcÞ
ð1þcÞ2ð1þcnÞ2
 !
:
ð55Þ
Terms DX(n) and DK, stemming from DR(n) in the expressions for
the normalized opening, (21), and the normalized SIF, (25), respec-
tively, can also be expressed as linear combinations of P0 and Ra
with the corresponding weights given by the appropriate integrals
of /(n) and w(n). Numerical evaluation shows that the weights in
the expression for DK are less than 0.01 for all cP 0. This suggests
that DK is negligible in the expression for K, (25). Similarly, one can
show that DX(n) is at most few percent of X(n), and, therefore, can
be neglected in the ﬁrst approximation of (21).
Neglecting DX(n) and DK in the normalized governing equa-
tions in scaling (19) with (53), we can write after simple normali-
zation involving factor F0, (44),
XðnÞ
F0
¼  dn
dðF0PÞ ¼
Z nf
0
Jðn;gÞ
F20
dðF0PÞ
dg
dgþ ðF0P0Þ Jðn;0Þ
F20
;
K ¼
Z nf
0
FðnÞ
F0
dðF0PÞ
dn
dnþ F0P0:
One can observe by numerical evaluation, that integral kernels
F20 Jðn;gÞ and F10 FðnÞ have rather weak dependence on the normal-
ized crack length c (e.g.
R 1
0 F
1
0 FðnÞdn varies from 0.61 at c = 0 to
0.637 at c =1). This suggests that the solution for the scaled net
pressure F0P(n), crack opening F
1
0 XðnÞ, and the SIF K as a function
of two parameters, e.g. F0P0 and nf, is weakly dependent on the crack
length c, and in the ﬁrst approximation can be evaluated from either
the Grifﬁth’s (c =1) or edge (c = 0) crack solution. The dependence
of this approximate solution on the crack length and the stress
anisotropy comes, therefore, from its scaling only, namely, from that
of the reference stress r0, (53), in the net pressure scaling (19), and
factor F0, which dependence on c follows from (44) with (8).
The above considerations establish grounds for the approximate
similarity between numerical solutions for differing crack geome-
tries. The approximate similarity between the two end-member
cases, the edge and Grifﬁth’s crack solutions, is illustrated on
Fig. 14, which shows the SIF and the plug length in the space of
the inlet and tip net-pressure multiplied by the corresponding va-
lue of F0.
Finally, it is useful to establish the conversion between the nor-
malized net pressure in the generalized scaling in which the refer-
ence stress, r0, is dependent on the crack length (53), and that in
one of the two simpler scalings (i.e., the edge or Grifﬁth’s scaling)
which are characterized by a distinct value of r0, given by r0(0) or
r0(1), respectively. After some algebra, we have
P ¼ PGrif þ 1
1þ c P
Grif
0 þ
Ra
2
2þ c
ð1þ cÞ2
 !
¼ Pedge  c
1þ c
Pedge0
2
þ Ra
2
2þ c
1þ c
 2 !
;where P, PGrif, and Pedge are the normalized net pressure in the
generalized, Grifﬁth’s, and edge scalings, respectively.References
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